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Fermion Loops, conserved currents and single-W
Alessandro Ballestrero a
aI.N.F.N. and Dipartimento di Fisica Teorica, Torino
The relevance of fermion loop corrections to four fermion processes at e+e− colliders is reviewed with regard to
the recent extension to the case of massive external particles and its application to single-W processes.
1. Introduction
The problem of preserving gauge invariance in the
calculations involving unstable particles is well
known since several years [ 1, 2, 3, 4] . It is
connected with the fact that the use of a width
(e.g. iΓM) in the denominator of an s-channel
unstable boson propagator is necessary to pre-
vent divergences at p2 = M2, but it is in fact an
effective way of including only a part of higher
order corrections, and it therefore violates gauge
invariance.
There are various examples in which this viola-
tion becomes numerically relevant. For instance,
this happens at tree level with four fermion final
states for WW production at high energies, where
gauge cancellations among the three double res-
onant (CC03) diagrams become relevant, and for
contributions at low e− angle. This last case
is relevant for final states like e−e+ → e−ν¯eud¯,
e−e+ → e−ν¯eµ+νµ or e−e+ → e−e+νeν¯e with e−
undetected, which are commonly referred to as
single-W processes. For them, gauge invariance
determines the behaviour of the amplitude as a
function of t.
In the above mentioned examples even small vio-
lations of gauge invariance may easily give results
which are completely unreliable, and differ from
the correct ones not by a few percent but by some
large factor.
Various gauge restoring methods have been de-
scribed in the literature and have been used to
avoid such inconsistencies. Some of the most used
are :
Fixed width(FW): In all massive-boson propaga-
tors one performs everywhere the substitu-
tion M2 → M2 − iΓM . This gives an
unphysical width in t-channel, but retains
U(1) gauge invariance.
Complex Mass(CM): The substitution M2 →
M2 − iΓM is applied not only in propa-
gators but also in relations involving cou-
plings. This gives unphysical complex cou-
plings in addition to the width in t-channel.
It has however the advantage of preserving
both U(1) and SU(2) Ward identities.
Overall scheme(OA): When resonant propaga-
tors are present, all diagrams (not only reso-
nant ones) are multiplied by (q2−M2)/(q2−
M2+ iMΓ). This method retains gauge in-
variance but mistreats non resonant terms.
Fermion Loop(FL): At least the imaginary part
of all (propagators and vertices) fermion
loop corrections is used together with re-
summed boson propagators. The real part
of FL corrections can as well be considered.
It is not necessary for gauge restoration, but
it constitutes an important gauge invariant
subset of the radiative corrections, which
automatically determines the correct evolu-
tion of the coupling constants.
It has to be noticed that the first schemes are
somehow “ad hoc” prescriptions to restore gauge
invariance introducing some non correct feature,
whose consequences are expected to be of little
numerical impact but this should in principle be
verified case by case. FL on the contrary is the
only fully consistent and justified scheme in field
theory.
2In the following we will review the FL scheme
and its application to single-W processes, with
particular regard to the latest results which take
into account current non conservation (massive
external fermions).
2. Fermion Loop
The application of FL corrections to 4f processes
has been fully described in the papers of ref. [
1, 4]
In the first paper only the Imaginary part of FL
corrections (IFL) have been considered and as a
case study the process e−e+ → e−ν¯eud¯ has been
used. The approximation of considering massless
external fermions has been taken, which implies
that all external current are conserved (CC).
In this approximation U(1) Ward Identities are
satisfied by adding a fixed width iΓM to all de-
nominators of W propagators (also in t-channel),
even if there is no physical justification for this
procedure.
IFL corresponds to resumming the imaginary
part of fermionic loop corrections in propagators
and adding the imaginary part of vertex loop cor-
rections. This has to be considered as the min-
imum set of corrections that has to be added in
order to restore gauge invariance.
With massless fermions in the internal loops and
in the decay width, iΓp
2
M
in propagators satisfies
gauge invariance.
Some numerical applications for e−e+ → e−ν¯eud¯
have been considered in [ 1].
The complete FL corrections have instead been
computed in ref [ 4]. Again in massless ex-
ternal fermion approximation, but with massive
fermions in loops. The renormalization of gauge
boson masses at their (gauge invariant) complex
poles [ 5] has been used. It turns out that in
this scheme all corrections can be reabsorbed in
running couplings and renormalized propagator
functions and triple vertices, so that an effective
Born prescription can be used in which only tree
level type diagrams appear.
Numerical applications to e−e+ → e−ν¯eud¯ at low
e− angle and e−e+ → µ−ν¯µud¯ at high energies
show differences from other schemes. At high en-
ergies differences also with IFL are found.
3. Single W
Processes with at least one electron and one
electron-neutrino like e−e+ → e−ν¯eud¯ e−e+ →
e−ν¯eµ
+νµ, and e
−e+ → e−e+ν¯eνe, besides be-
ing relevant to WW or ZZ physics, are particu-
larly interesting in the kinematical configuration
in which the electron is lost in the pipe. In such a
configuration (single-W), they become important
as a background to searches and for anomalous
coupling studies. The cross sections are signifi-
cant because of t-channel contributions, and they
are directly measured at LEP2.
Single-W processes are divergent in massless ex-
ternal fermion approximation. Therefore not only
external electron masses have to be exactly ac-
counted for, but also those of the other fermions
(u, d, µ,..).
Several fully massive 4fermion MonteCarlo’s
are now available: COMPHEP[ 6], GRC4F[ 7],
WPHACT[ 8], KORALW[ 9], NEXTCALIBUR[
10], SWAP[ 11] and WTO[ 12] which accounts for
masses where they become important.
Good technical agreement among all these codes
has been achieved for single-W processes in tuned
comparisons. In fig. 1 one can find the results
from the first three codes up to Linear Collider
energies, while we refer to Ref. [ 13] for further
comparisons with the others at LEP2 energies. It
has to be remarked that in fig. 1 the three codes
used respectively overall, Lµν transform method
[ 14] and fixed width as gauge restoring schemes.
4. IFL and Non Conserved Currents
FL calculations of ref. [ 1, 4] are not appro-
priate for single-W processes because of the as-
sumption of conserved currents (massless external
fermions), which is in conflict with the necessity
to account for external fermion masses.
Nevertheless, numerical studies have been per-
formed using these results together with fully
massive matrix elements in [ 15], where it was
noticed that the corresponding U(1) gauge vio-
lation is proportional to me. It can however be
enhanced by large factors at high energy, as it will
be shown in table 1 .
The Imaginary Fermion Loop scheme with fully
3Figure 1. Comparison of the results from three
codes for the single-W process e−e+ → e−ν¯eud¯.
massive ME and exact non conserved current con-
tributions has been studied recently [ 16] and im-
plemented in WPHACT.
The unitary gauge has been used. While for mass-
less internal fermions the Ward Identities (WI)
are satisfied by the fixed width propagator
−i
p2 −M2 + iΓMW
{
gµν − p
µpν
M2 − iΓMW
}
,
the correct resummed propagator is instead
−i
p2 −M2 + iΠ
{
gµν − p
µpν
M2
(
1 +
iΠ
p2
)}
with “running width” Π = p2 ΓW
MW
With it, WI are properly satisfied only if exact
IFL triple vertex corrections are computed.
As it can be deduced from tables 1 , 2, the use of
IFL does not give significant numerical differences
with “ad hoc” schemes for cross sections with typ-
ical single-W cuts. The last line of table 1 shows
instead that the approximation of conserved cur-
rents together with massive ME lead to inconsis-
tent numerical results at high energies.
Some differences between IFL and other schemes
is evident (fig 2) when one considers mass distri-
butions. This is connected to the fact that with
IFL one properly makes use of the running width.
Table 1
Cross sections for e+e− → e−ν¯eud¯ and var-
ious gauge restoring schemes, all implemented
in WPHACT. No ISR. M(ud¯) > 5 GeV ,Eu >
3 GeV,Ed¯ > 3 GeV, cos(θe) > .997
190 GeV 800 GeV 1500 GeV
IFL .11815 (13) 1.6978 (15) 3.0414 (35)
FW .11798 (11) 1.6948 (12) 3.0453 (41)
CM .11791 (12) 1.6953 (16) 3.0529 (60)
OA .11760 (10) 1.6953 (13) 3.0401 (23)
IFLCC .11813 (12) 1.7987 (16) 5.0706 (44)
Table 2
Comparison of FW and IFL schemes for differ-
ent single-W cross sections at
√
s = 200 GeV.
No ISR. | cos θe| > 0.997, Eµ > 15GeV, and
| cos θµ| < 0.95. First line Mud¯ > 45 GeV, sec-
ond line Mud¯ < 45 GeV
Final state IFL FW
e−ν¯eud¯ 0.12043 (10) 0.12041 (11)
e−ν¯eud¯ 0.028585 (14) 0.028564 (14)
e−ν¯eµ
+νµ 0.035926 (34) 0.035886 (32)
e−ν¯ee
+νe 0.050209 (38) 0.050145 (32)
5. FL and Non Conserved Currents
Big theoretical uncertainties for single-W pro-
cesses, in absence of complete O(α) corrections,
are connected to the scales of the couplings and
to the scale for ISR with dominating t-channel
contributions.
Complete FL calculations with massive exter-
nal fermions have been recently performed[ 17].
These are necessary to solve the first of the un-
certainties just mentioned.
Complex mass renormalization has been used as
in [ 4] and it leads again to effective Born calcu-
lations. Besides running couplings and renormal-
ized propagators now also running boson masses
are needed. They are defined by
1
M2(p2)
=
1
M2
p2 − S0
W
+ M
2
p2
Sφ
p2 − Sφ
4Figure 2. Mass distribution of the ud¯ pair com-
puted by WPHACT for fixed with and imaginary
fermion loop schemes. No ISR. | cos θ−e | > 0.997
which for a massless internal world reduces to
M2(p2) =
g2(p2)
g2(p
W
)
p
W
, M2(p
W
) = p
W
.
1
g2(s)
=
1
g2
− 1
16 pi2
Π
3Q
(s)
It has to be remarked that, using the Feynman
gauge, complete one loop resummation gives a W-
propagator which is equivalent to some effective
“unitary gauge” form:
∆µν
eff
=
1
p2 −M2 + S0
W
[
δµν +
pµpν
M2(p2)
]
.
The complete FL scheme for non conserved cur-
rents has been implemented in WTO for e−e+ →
e−ν¯eud¯ and e
−e+ → e−ν¯eµ+ν¯µ, where the
fermion masses are accounted for “when needed”:
in t-channel γ exchange diagrams for log(m2/s)
and constant contributions.
The numerical results [ 17] show differences with
tree level fixed width Gf scheme up to ∼ 7%.
This result is reported in fig 3.
Figure 3. dσ/dθe distribution computed by WTO
for e−e+ → e−ν¯eud¯ and M(ud¯) > 45 GeV
One may expect that the bulk of such a differ-
ence comes from α running effects, as it is rather
obvious that the value of αem in Gf renormal-
ization scheme is not the correct one to describe
t-channel γ propagator couplings. For such a rea-
son, α(t) with IFL (IFLα) has been implemented
in WPHACT for t-channel contribution only.
For cuts used at LEP2 energies for single-W, this
seems to describe with very good approximation
e−e+ → e−ν¯eud¯, as can be deduced by a compar-
ison with FL both for cross sections (table 3) and
for angular distributions (table 4).
Table 3
Total single-W cross-section in fb for e+e− →
e−ν¯eud¯, for M(ud¯) > 45GeV and | cos θe| >
0.997. No ISR. FL is computed by WTO, IFL and
IFLα by WPHACT.
√
s IFL IFLα FL
183 GeV 88.50(4) 83.26(5) 83.28(6)
189 GeV 99.26(4) 93.60(9) 93.79(7)
200 GeV 120.43(10) 113.24(8) 113.67(8)
5Table 4
dσ/dθe [pb/degrees] for e
+e− → e−ν¯eud¯.
M(ud¯) > 45GeV,
√
s=200 GeV. No ISR. FL is
computed by WTO, IFL and IFLα by WPHACT.
θe [Deg] IFL IFLα FL
0.0◦ ÷ 0.1◦ 0.67077 0.62404 0.62357
0.1◦ ÷ 0.2◦ 0.09321 0.08753 0.08798
0.2◦ ÷ 0.3◦ 0.05455 0.05141 0.05141
0.3◦ ÷ 0.4◦ 0.03867 0.03624 0.03646
Moreover, it has been checked in fig. 4 that the
agreement does not depend on the M(ud¯) invari-
ant mass cut and it remains below 1% down to
the very low cuts.
For the process e−e+ → e−ν¯eµ+νµ instead, the
difference between FL and IFLα turns out to be
of the order of 2-3% both in cross sections (ta-
ble 5) and in angular distributions (table 6). The
reason for such a different behaviour between the
two processes is probably due to the cuts and the
relative importance of multiperipheral contribu-
tions in them. The results of tables 5,6 in any
case indicate that the running of α is not in gen-
eral sufficient for a very accurate description of
the effects accounted for by complete FL calcula-
tions
Table 5
Total single-W cross-section in fb for e+e− →
e−ν¯eµ
+νµ, for | cos θe| > 0.997, Eµ > 15GeV,
and | cos θµ| < 0.95. No ISR. FL is computed by
WTO, IFL and IFLα by WPHACT.
√
s IFL IFLα FL
183 GeV 26.45(1) 24.90(1) 25.53(4)
189 GeV 29.70(2) 27.98(2) 28.78(4)
200 GeV 35.93(4) 33.85(4) 34.97(6)
In fig. 5 one can see the differences of IFL and
IFLα angular distributions for various processes,
including e+e− → e+e−νν¯ where FL corrections
are not available yet.
For the latter, the estimate by WPHACT of the the-
oretical uncertainty of IFLα calculations is of the
Figure 4. Total cross section for θe < 0.1
◦ as a
function of the lower cut on Mud¯ in IFL and IFLα
schemes. Curves computed with WPHACT. Markers
give the results of FW and FL by WTO.
order of about 3% [ 13]. This refers only to the
uncertainty connected to the absence of complete
FL calculations and not to the one due to the
treatment of ISR/FSR in presence of dominant
t-channel contributions [ 13].
6. Conclusions
FL corrections have been extended to massive ex-
ternal fermions in 4f physics. With them calcula-
tions can be safely performed down to θe = 0.
Single-W processes represent one of the most im-
portant applications of such extension.
IFL corrections show that “ad hoc” gauge restor-
ing schemes are reliable for total cross sections
but may produce some differences in distribu-
tions.
Complete FL are a gauge invariant subset of ra-
diative corrections, essential for single-W pro-
cesses.
Their results differ from Gf scheme by several
percent.
IFL + α running for t-channel reproduces FL re-
6Table 6
dσ/dθe in [pb/degrees] for e
+e− → e−ν¯eνµµ+,
for | cos θe| > 0.997, Eµ > 15GeV, and | cos θµ| <
0.95.
√
s = 183GeV. No ISR. FL is computed by
WTO, IFL and IFLα by WPHACT.
θe [Deg] IFL IFLα FL
0.0◦ ÷ 0.1◦ 0.14170 0.1319 0.13448
0.1◦ ÷ 0.2◦ 0.02117 0.01987 0.02031
0.2◦ ÷ 0.3◦ 0.01240 0.01166 0.01194
0.3◦ ÷ 0.4◦ 0.00879 0.00830 0.00851
sults at less than 1% level for e−e+ → e−ν¯eud¯
and at 2-3% for e−e+ → e−ν¯eµ+νµ.
Further theoretical uncertainties for single-W,
connected with ISR in t-channel dominated pro-
cesses have not been considered in this short ac-
count.
Further analyses and improvements are probably
still needed for single-W processes, expecially at
Linear Collider.
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